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The fractal-like ﬁnite element method has been proved to be very eﬃcient and accurate in two-dimensional static and
dynamic crack problems. In this paper, we extend our previous study to include the thermal eﬀect for two-dimensional
isotropic thermal crack problems. Both the temperature intensity factor and thermal stress intensity factor can be calcu-
lated directly. The temperature distribution is ﬁrst found, which is imposed thereafter as a thermal load in the elastic prob-
lem. The transformation function used in the study has been found analytically. The eﬀects of diﬀerent thermal loading on
the thermal stress intensity factor are presented. The numerical examples are compared with the results from other meth-
ods and ﬁnd to be in good agreement.
 2007 Elsevier Ltd. All rights reserved.
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Fracture can occur in engineering components subject to thermal and mechanical loading conditions. Sen-
sitive equipment, such as pressure vessels in power generation plant, requires the satisfaction of various safety
standards. The existence of crack implies the need for fracture mechanics analyses to decide whether the com-
ponent has to be repaired or replaced, which can be very expansive. The safety question is particularly impor-
tant in nuclear plants.
The solution of linear elastostatic and steady-state heat transfer problems in the vicinity of crack tips are an
intensive subject of research (Prasad et al., 1996; Yosibash, 1998; Yuan and Kalkhof, 1999). It is well known
that the singular point occurs at the crack tip, the temperature ﬂux becomes inﬁnity in the linear theory of
steady-state heat conduction and so are the stresses in the linear theory of elasticity (Sih, 1962). Although,
an exact solution can be obtained for cracks in simple geometric conﬁgurations (Sekine, 1975, 1977), for most
cases involving complex geometries and anisotropic materials, only numerical solution can be obtained.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.05.008
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mined solely by the value of the stress intensity factor (SIF). The SIF is the ﬁrst coeﬃcient of the stresses
asymptotic expansion in the vicinity of the singularity, and the strength of the stress singularity characterises
how fast the stress approaches inﬁnity in the vicinity of the singular point. Use of the SIF in examining crack
stability requires an accurate knowledge of the stress ﬁeld in the vicinity of the crack tip for the given struc-
tural geometry, loading and boundary conditions.
Over the past decade, considerable eﬀort has been put on to developing computationally eﬃcient methods
(Wilson and Yu, 1979; Kuo and Riccardella, 1987; Duong and Yu, 1998) which can provide accurate SIF
solutions for thermal crack problems. While most of the methods can accurately evaluate SIF of a thermoelas-
tic crack, they are neither eﬃcient nor simple to apply. Normally, crack analysis is a two step procedure to
obtain the SIF values. The ﬁrst step is to calculate the displacement ﬁeld within the cracked structure. The
ﬁnite element method and the boundary element method are numerical techniques which are usually used
in engineering problems to evaluate the displacement ﬁeld. Usually some special elements are generated
around the crack tip to model the crack tip singularity. The second step is to evaluate the SIF from the tem-
perature and displacement ﬁelds. The most frequently used method for this evaluation of the SIF values in
engineering applications is the J-integral. The accurate evaluation of stress intensity factors depends on
how well the temperature and displacement ﬁelds are approximated in the vicinity of the crack tips. The accu-
racy of the results is improved substantially if the thermal ﬂux singularity is considered properly.
Fractal-like ﬁnite element method (FFEM) (Leung and Tsang, 2000; Tsang et al., 2003, 2004; Tsang and
Oyadiji, 2005a) is one of the few ﬁnite element methods which can determine SIF directly. The FFEM has
been proved to be very eﬃcient and accurate in two-dimensional static and dynamic crack problems. The
method separates the overall cracked elastic body into a ﬁnite size singular stress region (near ﬁeld) near
the crack tip and a regular region (far ﬁeld) far away from the crack tip by an artiﬁcial boundary. The far
ﬁeld is modelled by the conventional ﬁnite element method. In the near ﬁeld, large numbers of layers of con-
ventional ﬁnite elements are generated in a self-similar manner to model the crack tip singularity behaviour.
This results in a large number of nodal displacements, which are reduced eﬀectively to a small set of global
variables, with SIFs as primary unknowns by the global transformation. As the global transformation can
be performed at the element level, the order of matrices involved is very small. Consequently, computer stor-
age and solution times are reduced signiﬁcantly. Furthermore, the SIFs can be determined directly from the
global variables without any post-processing.
The FFEM utilizes the William’s eigenfunction expansion to perform the transformation. The William’s
eigenfunction can be found analytically for most two-dimensional crack problems. In the case that an ana-
lytical solution cannot be found, a numerical method has been developed to evaluate the eigenfunctions
numerically (Tsang et al., 2004). In this study, however, the analytical approach was used. It was not nec-
essary to employ the numerical method. Thus, we have extended our previous analytical study to include
thermal eﬀect for two-dimensional crack problems. The temperature distribution is ﬁrst found; it is sub-
sequently imposed as a thermal load on the elastic problem. The William’s eigenfunction for thermal crack
problems has been found analytically. The eﬀects of diﬀerent mechanical and thermal loading on the ther-
mal SIF are presented.
2. Fractal-like ﬁnite element method
In this section, the methodology of the fractal-like ﬁnite element method will be given. More information
about the FFEM can be found in previous work (Tsang et al., 2004). The overall crack problem is divided into
near ﬁeld and far ﬁeld regions as shown in Fig. 1. The curve that delineates the two regions is denoted as C0.
The far ﬁeld is modelled by the conventional ﬁnite element method. In the near ﬁeld, inﬁnite numbers of layers
of conventional ﬁnite elements are generated layer by layer in a self-similar manner as illustrated in Fig. 2. The
crack tip is taken as the centre of similarity and the proportionality constant between any two consecutive
similar curves is /. Each layer is divided into the same set of elements with a similar pattern. All the nodes
on the boundary C0 are master nodes and the nodes inside the curve C0 are called the slave nodes. Although
4-node quadrilateral elements are used in Fig. 2, it should be noted that there is no restriction on the element
type. Any order and any shape of ﬁnite elements can be used in the FFEM.
Fig. 1. Near ﬁeld and far ﬁeld in a cracked structure.
Fig. 2. Self-similar element mesh in the near ﬁeld region.
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isKrr Kr0
K0r K00
 
dr
d0
 
¼ fr
f0
 
; ð1Þwhere K, d and f are stiﬀness matrix, displacements and force vector, respectively. The subscript r and 0 rep-
resent the values in the regular region and on the boundary between the regular and singular regions, respec-
tively. Similarly the static equilibrium equation of the layer n in the near ﬁeld isKn11 K
n
12
Kn21 K
n
22
 
dn
dnþ1
 
¼ fn
fnþ1
 
: ð2ÞThe FFEM assumes that an inﬁnite number of layers is employed in the singular region in order to model the
singularity accurately (i.e. n!1). Therefore, the global static equilibrium equation of the problem which in-
cludes the regular region and all the layers of the singular region is
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: ð3ÞIt is obvious that Eq. (3) is of inﬁnite dimension and therefore impractical. In order to reduce the dimension of
the equation, a transformation matrix Ti is employed which reduces the inﬁnite set of displacements in the
singular region di to a ﬁnite set of generalised coordinates contained in a vector c. Thus, applying the global
transformation di = Tic, where Ti is evaluated from William’s eigenfunction and c is the vector of generalised
coordinates to be determined, Eq. (3) reduces to,Krr Kr0
K0r K00 þ K111 K0s
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CA ð4Þwhere ½Ks0T ¼ K0s ¼ K112T0, fs ¼
P1
k¼1½TkTfk andKss ¼ TT1K122T1 þ
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k¼2
TTkK
k
11Tk þ TTkKk12Tk þ TTkKk21Tk þ TTkKk22Tk
  ð5Þand the subscript s denotes the singular region (near ﬁeld). Each entry of the last matrix is a function of the
proportionality constant /. The unknowns now are the vector of displacements in the far ﬁeld dr and the vec-
tor of the generalised coordinates c instead of vectors di, i = 1 to 1 of inﬁnite size in the singular region. An
additional advantage is that the SIFs are included in c and, therefore, no post-processing is required. Essen-
tially, the original inﬁnite matrices of the singular region are compressed to a ﬁnite one by the global trans-
formation. The partially overlapped inﬁnite layers have been replaced by completely overlapped ﬁnite layers.
Hence, the computational time can be reduced signiﬁcantly. A Pentium II personal computer has been used
for all the computation in this study.3. Mathematical analysis in the near ﬁeld
In this section, we will present the eigenfunction analysis for uncoupled thermoelastic problems in the near
ﬁeld X. The polar coordinates system (r,h) is used in the near ﬁeld X (see Fig. 3). In the steady state, the partial
diﬀerential equation for the temperature ﬁeld s in the domain X containing no heat sources, of an isotropic
material can be written as the Laplace equation:r2sðr; hÞ  o
2s
or2
þ 1
r
os
or
þ 1
r2
o2s
oh2
¼ 0 for ðr; hÞ 2 X: ð6ÞIn this study, two diﬀerent temperature boundary conditions will be considered on the crack face:
1. s(r,±p) = 0 zero temperature
2. q ¼ osðr;pÞoh ¼ 0 zero temperature ﬂux.
Inhomogeneous boundary conditions can be solved by transforming the inhomogeneous boundary condi-
tions into an equivalent homogeneous one.
Fig. 3. Polar coordinates in the near ﬁeld.
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the thermal expansion coeﬃcient a. Their relationships in plane stress/strain are given in Table 1. The Navier
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: ð9ÞBy the assumption of free surface traction on the crack free surfaces, the stress boundary conditions are given
byrh ¼ rrh ¼ 0 at h ¼ p: ð10Þ
We assume that the displacement and temperature variables can be written in the form:ður; uh; sÞ ¼
X1
n¼0
r
n
2 fnðhÞ; gnðhÞ; hnðhÞ½ : ð11ÞHence, the stress equations can be written as1
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hn ¼ 0 ð15Þwhich has the solution in the formhn ¼ C1n cos
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: ð16ÞUsing the boundary conditions, we have the solution for temperature in X for zero temperature condition ashn ¼ Cn sin nðh pÞ
2
 
ð17Þand for zero temperature ﬂux condition ashn ¼ Cn cos nðh pÞ
2
 
: ð18ÞThe coeﬃcient Cn is uniquely determined by the far ﬁeld condition, which can be found directly from the
FFEM.
Now substituting Eq. (11) into Eqs. (8) and (9), we haveb1  b2
2
 
d2fn
dh2
þ b1
n2
2
 1
 
fn þ nðb1 þ b2Þ  ð3b1  b2Þ
4
 
dgn
dh
¼ n
2
 1
 	
b1 þ b2ð Þchn2 ð19Þ
b1
d2gn
dh2
þ b1  b2
2
 
n2
4
 1
 
gn þ
nðb1 þ b2Þ þ 3b1  b2ð Þ
4
 
dgn
dh
¼ ðb1 þ b2Þc
dhn2
dh
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gn ¼ 0: ð22ÞThe general solution of Eqs. (19) and (20) with boundary conditions (21) and (22) is composed of two parts:
the complementary functions and the particular integrals,fnðhÞ ¼ f cn ðhÞ þ f pn ðhÞ; gnðhÞ ¼ gcnðhÞ þ gpnðhÞ: ð23Þ
The complementary function ðf cn ; gcnÞ can be evaluated by considering the zero temperature condition (i.e. no
thermal loads exist), such that the right-hand side of Eqs. (19)–(21) become zero. After some derivations, the
solutions are obtained in the formf cn ðhÞ ¼ Acnf cn;1ðhÞ þ Bcnf cn;2ðhÞ; gcnðhÞ ¼ Acngcn;1ðhÞ þ Bcngcn;2ðhÞ ð24Þwhere
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h: ð28ÞThe coeﬃcients Acn and B
c
n are uniquely determined by the far ﬁeld conditions, which can be found directly
from the FFEM.
The particular solution ðf pn ; gpnÞ corresponds only to the thermal loads in X. If we carefully examine the Eqs.
(19) and (20), we notice that there is no particular solution for n = 0 and n = 1due to the non-homogeneous parts
being equal to zero. For zero temperature boundary condition and for nP 2, we try a particular solution in the
formf pn ¼ Apn sin
n 2
2
 
ðh pÞ
 
; gpn ¼ Bpn cos
n 2
2
 
h pð Þ
 
: ð29ÞSubstituting the above equations into Eqs. (19) and (20), both equations give the same relationship between Apn
and Bpn, which isApn ¼
4ðb1 þ b2ÞcCn2 þ ½nðb1 þ b2Þ  2ð3b1  b2Þ
nðb1 þ b2Þ þ 2ð3b1  b2Þ
Bpn: ð30ÞThe boundary condition (21) can be satisﬁed automatically with these particular solutions. Using the second
boundary condition (22), we can ﬁnd a second relationship between Apn and B
p
n,Apn þ Bpn ¼ 0: ð31Þ
Now, we have two Eqs. (30) and (31) with two unknowns Apn and B
p
n. The solutions for all nP 2 areApn ¼
2cCn2
n
; Bpn ¼ 
2cCn2
n
ð32Þwhich depend on the far ﬁeld coeﬃcient of Cn2.
Similarly, for zero ﬂux boundary condition, we try a particular solution in the formf pn ¼ Apn cos
n 2
2
 
h pð Þ
 
; gpn ¼ Bpn sin
n 2
2
 
ðh pÞ
 
: ð33ÞFollowing the precious procedure, we can determine the coeﬃcients Apn and B
p
n for all nP 2 in the formApn ¼
2cCn2
n
; Bpn ¼
2cCn2
n
: ð34ÞWe have now derived the general completed eigenfunction for zero temperature and zero temperature ﬂux
conditions.
The general temperature solution in X can be written ass ¼
X1
n¼0
r
n
2hn: ð35ÞThe most singular term in the temperature component is when n = 1. The temperature intensity factor can be
deﬁned asKT ¼ C1 ð36Þ
where C1 is the coeﬃcient of the ﬁrst term of the temperature eigenfunction given by Eqs. (17) and (18). It
should be noted that the temperature intensity factor expresses the ampliﬁcation of the magnitude of the tem-
perature at the point of singularity, that is, the crack tip. The temperature intensity factor should be distin-
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due to the thermal loading.
The general displacement solution in X can be written asur ¼
X1
n¼0
r
n
2f cn þ
X1
n¼2
r
n
2f pn ; uh ¼
X1
n¼0
r
n
2gcn þ
X1
n¼2
r
n
2gpn: ð37ÞThe most singular term in the stress component (when n = 1) in X is independent of the particular integrals
series representation, i.e. the SIF values KI and KII are independent of the thermal ﬁeld in the vicinity of
the crack. However, these SIFs values are dependent on the thermal ﬁeld in the regular region. On the other
hand the thermal ﬁeld in the regular region is the solution of the linear heat transfer which is aﬀected by the
crack tip singularity. Therefore for accurate calculation of the SIF values KI and KII, we have to consider the
particular integrals in Eq. (37) for the thermoelastic solution in the singular region.
The SIF can be evaluated by substituting displacement Eq. (37) into Eqs. (12) and (14). By examining the
singular stress components, the relationships between the mode I and mode II thermal stress intensity factors
KI and KII are ﬃﬃﬃﬃﬃpKI ¼ Bc1
2 2pðb22  b21Þ
7b1  b2
ð38Þ
KII ¼Ac1
2
ﬃﬃﬃﬃﬃ
2p
p ðb22  b21Þ
7b1  b2
: ð39ÞOnce we have found all the coeﬃcients in the eigenfunction series from the FFEM, the thermal SIF can found
from the above expressions.4. Examples on temperature singularities
In this section, a rectangular plate with an edge crack is considered. Following the methodology stated in
Section 2, the FFEM is used to calculate the temperature intensity factor and the steady-state temperature
ﬁeld within the plate. The rectangular plate of width W and length L with an edge crack of length a is shown
in Fig. 4. The rectangle plate is subjected to two sets of diﬀerent temperature boundary conditions: Case 1:
s = 1 on the top of the plate, s = 1 on the bottom of the plate and q = 0 on the other edges. Case 2:
s = 1 on the left side above the crack, s = 1 on the left side below the crack and q = 0 on the other edges.
In both cases, the crack faces are assumed to be insulated.
The temperature singularity problems have been considered in Emery et al. (1977) for L/W = 2 by using
special ﬁnite element formulations speciﬁcally for thermal singularity problems. The temperature intensityFig. 4. Geometry and boundary conditions of a plate with an edge crack.
Table 2
Temperature singularities for a cracked plate
a
W K
T Case 1 KT Case 2
FFEM Emery et al. (1977) FFEM Emery et al. (1977)
0.1 0.4452 0.4445 2.8472 2.8319
0.2 0.6227 0.6221 2.0141 2.0138
0.3 0.7493 0.7489 1.6480 1.6480
0.4 0.8460 0.8458 1.4356 1.4357
0.5 0.9229 0.9229 1.3004 1.3006
0.6 0.9880 0.9882 1.2159 1.2163
0.7 1.0514 1.0520 1.1750 1.1758
0.8 1.1329 1.1344 1.1875 1.1892
0.9 1.3008 1.3018 1.3154 1.3162
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the expansion series, scaling factor / = 0.6 and 20 layers in the singular region are used for the FFEM (these
values will be justiﬁed in next section). Very good agreements have been obtained. Also the table shows sig-
niﬁcantly diﬀerent behaviour between the two cases. Case 1 shows a continuous rise in the temperature inten-
sity factor as the crack length increases. Case 2 shows the opposite behaviour with the temperature intensity
factor decreasing as the crack length increases.5. Examples on thermal stress singularity
We have shown that the temperature intensity factor can be accurately obtained by using FFEM. Now, we
will consider the thermal stress singularity. A rectangular plate with a central crack subjected to two diﬀerent
thermal loadings is considered in this section. No analytical solutions are available for these problems. The
rectangular plate of width 2W and length 2L and a central crack of length 2a is solved for three diﬀerent cases.
The ﬁrst and second cases are for the plate subjected to pure mode I and pure mode II of thermal loadings,
respectively (see Fig. 5). The third case is for the plate subjected to mixed mode due to both mechanical and
thermal loadings. Taking advantage of the symmetry of the problem, only half of the model has been solved.
The mesh used in the analyses for the regular and singular regions are shown in Fig. 6.
All the examples analyzed here have the same material properties: Young’s modulus E = 2.184 · 105 MPa;
Poisson’s ratio m = 0.3 and the coeﬃcient of linear thermal expansion a = 1.67 · 105/C. Plane strain condi-
tion is assumed. The rectangular plate problem with L/W = 1.0 is solved by means of the FFEM. The tem-
perature distribution is computed by solving the steady-state heat transfer problem which is thereafter
imposed as a thermal load in the elastic analysis. The thermal SIFs presented here are normalised asK ¼ K
EaDs
ﬃﬃﬃﬃﬃ
W
p ð40ÞFig. 5. Geometry and boundary conditions of a rectangular plate with a central crack.
Fig. 6. Meshes used in the analysis for the singular and regular regions (a/W = 0.2).
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Ds = s2  s1 and for mode II, Ds = s1. The results are compared with those previously published in Sumi and
Katayama (1980) and Prasad et al. (1994). Sumi and Katayama (1980) obtained the thermal SIFs using the
modiﬁed-collocation and complex variable methods. Prasad et al. (1994) evaluated the thermal SIFs by using
the dual boundary element method together with path-independent J-integral.
5.1. Mode I thermal loading
The thermal loading corresponding to the mode I is imposed here. Fig. 7 shows the normalised thermal SIF
for a/W = 0.5 against number of layers with diﬀerent number of terms N in the eigenfunction expansion series.
We can see that as the number of layers is increased, the thermal SIF converges quickly. Also, we can see thatFig. 7. Thermal stress intensity factor against number of layers with diﬀerent number of terms.
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accurate calculation of displacement. Usually, N = 10 terms in the expansion series are used in the FFEM.
Now, we like to determine the inﬂuence of the scaling factor on the accuracy of the thermal SIF. Fig. 8
shows the thermal SIF against scaling factor with diﬀerent number of layers. Ten terms are used in these cal-
culations. The curves show that at higher values of the scaling factor, greater number of layers are required in
order to obtain converged and more accurate thermal SIF values. For example, for scaling factor 0.6, 20 layers
are enough to get converged solution. But for scaling factor 0.9, more than 40 layers are needed.
We summarize in Table 3 the normalised thermal SIFs for N = 10 and the diﬀerent number of layers in the
near ﬁeld. Also shown in the Table 3 are the total number of nodes, elements and unknowns for the whole
model. The number of nodes and elements are increased with the number of layers. However, the total number
of unknowns remains unchanged with number of layers. This is because after the transformation, the number
of unknowns within the singular region remains the same with diﬀerent number of layers.
The computational time against the number of layers is shown in Fig. 9. The curves show that the compu-
tational time varies almost linearly with the number of layers. It is well known that with the classical ﬁnite
element method, the computational time varies quadratically with the number of layers. Although, the total
number of unknowns remains unchanged with number of layers, more computational time is needed to do the
transformation. However, it is possible to do the transformation on the ﬁrst layer only and the local stiﬀness
matrix can be calculated by using the sum of inﬁnite geometric series. Hence, the FFEM becomes a meshless
method for crack problems.
It should be noted that the area of the singular region A is generally less than 1% of the total area which
includes the singular and regular regions. The inﬂuence of the size of A on the computed SIF values has been
reported previously (Tsang and Oyadiji, 2005b, 2006). In an implementation of the FFEM technique in a
superelement, it was shown that the size of the singular region does not have any signiﬁcation eﬀect on theFig. 8. Thermal stress intensity factor against scaling factors with diﬀerent number of layers.
Table 3
Normalised thermal SIF with diﬀerent number of layers
No. of layers KI Total no. of nodes Total no. of elements Total no. of unknowns
5 0.4859 1783 848 2227
10 0.4946 2433 1168 2227
15 0.4953 3083 1488 2227
20 0.4953 3733 1808 2227
25 0.4953 4383 2128 2227
30 0.4953 5033 2448 2227
35 0.4953 5683 2768 2227
40 0.4953 6333 3088 2227
Fig. 9. The FFEM computational time against number of layers with diﬀerent number of terms, the value of scaling factor is 0.6.
Table 4
Normalised mode I thermal SIF of a rectangular plate with a central crack
a/W KI (FFEM) K

I (Sumi and Katayama, 1980) K

I (Prasad et al., 1994)
0.1 0.271 0.271 0.268
0.2 0.349 0.347 0.347
0.3 0.404 0.406 0.401
0.4 0.452 0.453 0.448
0.5 0.495 0.491 0.491
0.6 0.530 0.526 0.525
D.K.L. Tsang et al. / International Journal of Solids and Structures 44 (2007) 7862–7876 7873computed SIF values (Tsang and Oyadiji, 2005b, 2006). Furthermore, it is necessary to point out that within
the singular region, mesh control is achieved via the number of circumferential elements and the number of
layers. In this study, the number of circumferential elements was ﬁxed at 32 while the number of layers
was varied between 5 and 40. However, the result presented has shown that the accuracy of the computed
SIF depends not only on the element sizes within the singular region but also on the number of terms in
Eq. (37).
The normalised mode I thermal SIFs with diﬀerent crack length are listed in Table 4. The results are com-
pared with the values calculated by Sumi and Katayama (1980) and Prasad et al. (1996) for the same crack
conﬁguration. We can see that the FFEM results compare very well with those of Sumi and Katayama
and Prasad et al.
The accuracy and reliability of the FFEM predictions depend on the correctness of the analytical eigenfunc-
tions derived. Therefore, in order to check the accuracy and reliability of the FFEM predictions, the displace-
ments in the x and y directions and the temperature proﬁle on the boundary C0 predicted using the analytical
eigenfunctions are compared with those predicted using conventional ﬁnite element method. The results are
shown in Figs. 10–12, respectively, and they show very good agreement. Therefore, it can be concluded that
the analytical eigenfunctions used are correct, and that the FFEM not only gives accurate SIF values but that
it also predicts the displacements accurately.
5.2. Mode II thermal loading
In this section, we summarize the SIFs obtained when the plate is loaded by mode II thermal loading. In
Table 5 is listed the normalised mode II thermal SIFs with diﬀerent a/W values. These results are compared
with the values calculated by Sumi and Katayama (1980) and Prasad et al. (1994) for the same crack conﬁg-
uration. Again, we can see that the FFEM results compare very well with those of Sumi and Katayama and
Prasad et al. In general, the relative diﬀerence is less than 1%.
Fig. 10. Displacement in x direction on the boundary C0 from the eigenfunction series (ES) and ﬁnite element (FE).
Fig. 11. Displacement in y direction on the boundary C0 from the eigenfunction series (ES) and ﬁnite element (FE).
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In this section, the plate is subjected to both mode I tensile loading r0 and mode II thermal loading as in the
previous section. The normalised mode I SIFs and mode II thermal SIFs with diﬀerent a/W values at various
thermal loads are depicted in Table 6. Without any thermal load, the normalised mode I SIF values are in
good agreement with published results (Isida, 1971). When mechanical load is applied in the presence of
the thermal load, the magnitude of the thermal load in the mode II direction will inﬂuence the mode I SIF.
This is because the stress distribution around the crack tip is altered by the thermal stress. Hence, the norma-
lised mode I SIF values under thermal load are smaller that the values without thermal load. The results show
that as the thermal load increases, the mode I SIF decreases in magnitude approximately linearly. On the other
hand, the mode II thermal SIF which is zero when the thermal load is zero, changes to a constant value as the
thermal load increase. It should be noted that mode II thermal SIF is constant as temperature increases
Fig. 12. Temperature on the boundary C0 from the eigenfunction series (ES) and ﬁnite element (FE).
Table 5
Normalised mode II thermal SIF of a rectangular plate with a central crack
a/W KII (FFEM) K

II (Sumi and Katayama, 1980) K

II (Prasad et al., 1994)
0.1 0.020 0.021 0.018
0.2 0.055 0.053 0.054
0.3 0.097 0.094 0.095
0.4 0.142 0.141 0.141
0.5 0.191 0.188 0.190
0.6 0.245 0.247 0.243
Table 6
Normalised mode I SIF and mode II thermal SIF of a rectangular plate with a central crack for various thermal load
a
W s = 0 s = 100 s = 200 s = 300
KI
r0
ﬃﬃﬃﬃ
ap
p KI
r0
ﬃﬃﬃﬃ
ap
p (Isida, 1971) KII
KI
r0
ﬃﬃﬃﬃ
ap
p KII
KI
r0
ﬃﬃﬃﬃ
ap
p KII
KI
r0
ﬃﬃﬃﬃ
ap
p KII
0.1 1.0114 1.014 0 1.0093 0.0198 1.0072 0.0198 1.0051 0.0198
0.2 1.0537 1.055 0 1.0342 0.0546 1.0147 0.0546 0.9952 0.0546
0.3 1.1214 1.124 0 1.0928 0.0965 1.0643 0.0965 1.0358 0.0965
0.4 1.2140 1.215 0 1.1797 0.1423 1.1454 0.1423 1.1111 0.1423
0.5 1.3315 1.334 0 1.2921 0.1913 1.2527 0.1913 1.2132 0.1913
0.6 1.4782 1.481 0 1.4333 0.2453 1.3885 0.2453 1.3436 0.2453
D.K.L. Tsang et al. / International Journal of Solids and Structures 44 (2007) 7862–7876 7875because the mode II thermal SIF has been non-dimensionalised by the temperature. If the mode II thermal
SIF is non-dimensionalised by the applied mechanical load, then the mode II thermal SIF will change as tem-
perature changes. Similarly, it should be noted that mode I SIF has been non-dimensionalised using the
mechanical load.6. Conclusions
Two-dimensional isotropic thermoelastic problems containing cracks and subjected to steady-state temper-
ature distribution were considered. The temperature ﬂux and the stresses in the vicinity of the crack exhibit
singular behaviour. The computation of associated thermal stress intensity factors is an important
7876 D.K.L. Tsang et al. / International Journal of Solids and Structures 44 (2007) 7862–7876requirement in the failure analysis of engineering problems. The fractal-like ﬁnite element method (FFEM) is
one of the very few ﬁnite element methods which are able to calculate the SIF directly. The FFEM presented
allows general two-dimensional, mixed mode, thermoelastic crack problems to be solved eﬃciently and accu-
rately. No post-processing is needed to extract the thermal intensity factor and thermal stress intensity factor.
The eigenfunction for two-dimensional thermoelastic is derived analytically in this paper. The numerical
examples were compared with the results from other methods and found to be in good agreement.
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